Magnets without inversion symmetry are a prime example of a solid-state system featuring topological solitons on the nanoscale, and a promising candidate for novel spintronic applications. Magnetic chiral skyrmions are localized vortex-like structures, which are stabilized by antisymmetric exchange interaction, the so-called Dzyaloshinskii-Moriya interaction. In continuum theories, the corresponding energy contribution is, in contrast to the classical Skyrme mechanism from nuclear physics, of linear gradient dependence and breaks the chiral symmetry. In the simplest possible case of a ferromagnetic energy in the plane, including symmetric and antisymmetric exchange and Zeeman interaction, we show that the least energy in a class of fields with unit topological charge is attained provided the Zeeman field is sufficiently large.
Introduction and statement of the main result
We are concerned with topologically non-trivial fields m = (m 1 , m 2 , m 3 ) from the plane R 2 to the unit sphere S 2 ⊂ R 3 arising as relative minimizers for variational functionals containing interaction terms, which depend linearly on the gradient and which break the chiral symmetry. In certain models from solid-state physics, e.g. in the context of liquid crystals and ferromagnetism, such chiral terms emerge as linear combinations of the components of the tensor ∇m × m (which can be regarded as vector-valued one-form) referred to as Lifshitz invariants. Here, ∇ = (∂ 1 , ∂ 2 , ∂ 3 ) denotes the gradient in R 3 . In this article, we shall concentrate on the prototypical case when the chiral interaction term is given by the trace of ∇m × m, i.e. by featured, e.g. in cubic helimagnets and cholesteric liquid crystals. In the context of ferromagnetism, chiral terms arise from antisymmetric exchange interaction, also referred to as Dzyaloshinskii-Moriya (DM) interaction [1] [2] [3] , which is a relativistic effect stemming from spin-orbit coupling and the lack of inversion symmetry. In 1989, Bogdanov & Yablonskii [4] proposed DM interaction as a means for stabilizing localized vortex-type structures of full degree (nowadays called magnetic or chiral skyrmions) and skyrmionic lattices as an analogue to Ginzburg-Landau vortices emerging in superconductivity. A systematic study in the framework of micromagnetics has been initiated by Bogdanov & Hubert in [5, 6] . Recent theoretical and experimental advances, which in particular led to the observation of skyrmionic structures down to the atomic scale (e.g. [7] [8] [9] [10] [11] [12] ), have triggered the interest in chiral skyrmions also from a mathematical perspective. Magnetic skyrmions differ significantly from magnetic vortices of Ginzburg-Landau type (e.g. [13] [14] [15] [16] [17] ). Topologically, magnetic vortices can be regarded as halfskyrmions. From an analytical perspective, the stabilization of magnetic vortices is essentially due to curling boundary conditions induced by stray-field interaction (e.g. [15] ) rather than intrinsic effects as in the case of skyrmions. Our goal is to investigate the range of existence of isolated skyrmions emerging as energy minimizers in a simplified ferromagnetic model in the plane, including DM and Zeeman interaction. More precisely, we shall consider, for suitable direction fields m = m(x 1 , x 2 ) ∈ S 2 , interaction energies of the form
for constants κ = 0 and h > 0. Those correspond to the DM constant and the magnetic field strength, both normalized by the exchange constant. The normalized (symmetric) exchange energy is simply the conformally invariant Dirichlet energy. For simplicity, we shall disregard contributions from crystal and shape anisotropy, which may well have an effect. The Zeeman term prefers the alignment with the applied field h = hê 3 . Owing to the constraint |m| = 1, we have (h/2)|m −ê 3 | 2 = h(1 −ê 3 · m). Since the chiral term κm · (∇ × m) is not sign-definite, an appropriate functional analytic setting on unbounded domains requires a proper extension starting, e.g. from smooth fields with finite tails. Topological constraints are formulated by means of the topological charge
For a smooth field m : R 2 → S 2 with m =ê 3 outside a compact subdomain of R 2 (which may be considered as a continuous self-map of S 2 ), it follows from Kronecker's integral formula that Q(m) is an integer and agrees with the Brouwer degree deg(m) of m. In our context, Q(m) is usually called the skyrmion number of m. Hence we are interested in minimization problems
where q ∈ Z \ {0}. We shall see that the natural topological constrained in this situation is q = −1.
In the conformally invariant case h = κ = 0, the corresponding variational problem can be solved completely and explicitly for arbitrary q ∈ Z by the classical method of Belavin & Polyakov [18] . If h > 0 and κ = 0, however, there are no (local) minimizers for any q = 0 due to the well-known Derrick-Pohozaev argument [19] . In fact, the Zeeman energy can be reduced by dilation, while the exchange energy stays invariant, which eventually results in a collapse to the constant field e 3 . More generally, the topological charge of a weakly converging sequence of configurations may concentrate or part of it may escape to infinity, such that the topological constraint is not preserved in the weak limit. The presence of an additional balancing term, which limits the energy gain under dilations, may stabilize the system and restore the requisite compactness features. A well-established example is the Skyrme functional from nuclear physics, which contains a fourth power antisymmetric gradient term (e.g. [20] [21] [22] problem for fields on R 3 with values in SU(2) ≡ S 3 is due to Esteban [23] [24] [25] based on Lions's concentration-compactness principle [26] , and more recently to Lin & Yang [27] (Section 7.2) based on a novel energy splitting argument (which they called substantial inequality method, see also [28] ), which has been developed by the authors in the context of knotted solitons in the Skyrme-Faddeev model. Lin and Yang also analysed the two-dimensional analogue (baby skyrmion [29] ), first in [30] in the spirit of Estaban's concentration-compactness approach and later in the framework of the substantial energy method [28] . Improved energy bounds and a direct proof of existence for two-dimensional skyrmions were found by Li & Zhu [31] .
The stabilizing mechanism due to DM interaction, which is a lower order perturbation of the Dirichlet energy, differs significantly from the classical Skyrme mechanism, which is rather based on the regularizing effect of higher power gradient terms. While the concentrationcompactness alternative (compactness, vanishing or dichotomy) is still an adequate tool to tackle the localization problem in the plane, there is, in contrast to the Skyrme problem, no local compactness property of the topological charge in case of energy bounded configurations such that the associated densities are tight measures on R 2 . In this regard, chiral skyrmions have a closer relationship with large solutions for the Dirichlet problem for harmonic maps investigated by Brezis & Coron [32] and revisited by Lions [33] (Section 4.5) from the perspective of the concentration-compactness principle in the critical case. Further related mathematical work concerns generalized harmonic maps of Skyrme type investigated by Demoulini & Stuart [34] . Ruling out concentrations by an energy argument in the spirit of Brezis & Coron [32] will be a crucial ingredient to our main result. The space of admissible fields consists of all measurable direction fields m : R 2 → S 2 such that m −ê 3 belongs to the Sobolev space H 1 (R 2 ; R 3 ) of square integrable fields admitting a square integrable gradient. This is the canonical configuration space of finite energy fields.
Questions of existence and stability of isolated chiral skyrmions in the context of more general energies have been investigated thoroughly in a series of pioneering work by Bogdanov and Hubert. Starting point were rotationally symmetric solutions of the corresponding EulerLagrange equations subject to appropriate boundary conditions. The specific co-rotational ansatz has been adapted in order to minimize DM interaction [4] [5] [6] . In the present case of DM interaction, this ansatz is characterized by a curling of the horizontal field component around the axis of symmetry. The sense of rotation is determined by the sign of the DM parameter (figure 1). The profiles of rotationally symmetric solutions have been obtained by means of a phase-plane method [6] . Stability with respect to dilations of localized structures under the influence of interactions described by Lifshitz invariants has been elucidated in [35] from a general perspective in multiple space dimensions. Examining the spectral problem for the profile equation, radial stability of isolated chiral skyrmions in the range of existence has been shown in [6] . The stability of chiral skyrmions under elliptical distortions has been examined in [36] .
The present theorem concerns the existence of isolated chiral skyrmions which minimize the energy within a non-trivial topological sector of the configuration space. The result is independent of any symmetry assumption, and the minimizer obtained is stable with respect to arbitrary perturbations in the configuration space. Whether a solution which minimizes the energy within the class of rotationally symmetric fields is also a minimizer over the larger class of fields of arbitrary shape, is a delicate mathematical question, which we are not able to answer at this point. Related questions of uniqueness and stability in the context of nematic liquid crystals were recently addressed in [37] .
The stabilization mechanism due to DM interaction is essentially based on the fact that modulations can lower the minimal energy below the classical topological lower bound of 4π for the exchange energy. As a consequence, concentration effects during a minimization procedure can be ruled out by an energy argument, a mechanism, which is reminiscent of the classical Brezis-Nirenberg problem [38] . On the other hand, the chiral symmetry breaking due to DM interaction also breaks the symmetry of the mathematical result. The classical Skyrme problem exhibits reflection symmetry, and relative minimizers of topological charge q = ±1 exist with the same minimal energy [30] . In the present situation, this symmetry is broken. Since DM interaction prefers curling of the horizontal field m = (m 1 , m 2 ), i.e. positive (in-plane) winding, the value of m 3 at infinity specifies the orientation of the field m. Hence the selection of topological charge q = −1 is a consequence of the specified direction of the Zeeman field. The least energy in the class of fields with topological charge q = +1 is strictly larger. If the field is reversed, the analogue result holds true with a minimizer which is obtained by reflection, i.e. by reversing the sign of the m 3 component. Accordingly, the general result is that for energies
with 0 < κ 2 < h there exists a field m, which minimizes the energy subject to the constraint Q(m) = ±1. Rescaling space by |κ| > 0, the functional depends on one coupling constant only, the aspect ratio μ = h/κ 2 . We do not claim that the value μ = 1 is critical for the conclusions about isolated chiral skyrmions. In fact, the numerical results in [5] suggest in the regime of vanishing relative anisotropy a critical value of about μ * ≈ 0.8 (after adapting constants). An analytical confirmation in the framework of our energy-based method requires in particular a refinement of the energy bounds in §3. For the sake of transparency, we shall postpone this technical issue and focus one the construction of an energy minimizer. The article is organized as follows. Section 2 addresses analytic and geometric properties of DM interaction and defines a functional analytic framework for the minimization problem. Section 3 provides upper and lower bounds for least energies I q = inf{E(m) : Q(m) = q} in the class of fields with topological charge q ∈ Z. Section 4 is devoted to the proof of the theorem, i.e. the attainment of I −1 , by means of the concentration-compactness method.
Preliminaries and functional analytic framework (a) Helical derivatives
The specific form of DM interaction that we consider agrees with the well-known helicity functional, which plays a significant role in various branches of mathematical physics, particularly in topological fluid dynamics (e.g. [39] ). In order to reveal the basic effect, it is instructive to re-write the chiral term as
so that, by completing the square, symmetric and antisymmetric exchange interaction can be combined as follows:
Accordingly, we introduce (for α = 1, 2, 3) helical derivatives
The name is motivated by the fact that D α m = 0 for helical fields m which perform a rotation of constant frequency κ perpendicular to theê α axis, i.e. counter-clockwise or clockwise if the sign of κ is positive or negative, respectively. Helical derivatives may also be regarded as a variant of covariant derivatives emerging in the context of gauged sigma models [40, 41] . In fact, some ideas from this theory will also be useful in our situation (Proof of lemma 3.2). On the other hand, expanding the density (up to a null Lagrangian) as
one recovers a special case of the Oseen-Frank elastic energy associated with the director field of a cholesteric liquid crystal [42, 43] . The ground states are Beltrami fields, characterized by the equation ∇ × m + κm = 0, in particular, the helix m(x 1 ) = (0, cos(κx 1 ), sin(κx 1 )). The energy of the helix m over a square of side length
which shows that an arbitrary large amount of negative energy can be produced on a sufficiently large domain if h < κ 2 /2. This suggests h ≥ κ 2 /2 as a necessary condition for the stabilization of an isolated topological soliton in the plane. For a detailed analysis of helical structures and associated critical fields, we refer to [5] .
(b) Bounds for the chiral term
From now on, we will consider fields m = m(x 1 , x 2 ) in the plane, which we decompose into its horizontal part m and its vertical part m 3 , i.e. m = (m, m 3 ). Accordingly, ∇ will mostly denote the gradient in R 2 , unless vector algebra requires the gradient in R 3 , for which we shall use the same notation. In particular, the curl of the horizontal field m and vertical component m 3 will be denoted by
respectively. With this convention, we have ∇ × m = (∇ × m 3 , ∇ × m). It will be advantageous to modify the chiral term by a curl, which, in our functional analytic set-up, leaves the energy unchanged but facilitates the handling. More precisely, we shall make use of the identity
2)
The first term on the right has the two-dimensional representation
3)
The effect of the curl term ∇ × m depends on the decay of |m −ê 3 | near infinity. Superlinear decay will be sufficient for the curl term to be negligible. inverse of the stereographic projection, see §3b). Such fields exhibit only linear decay, and their Zeeman energy diverges logarithmically. By contrast, chiral skyrmions are expected to be sharply localized with rapidly decaying tails. Hence we shall investigate the chiral skyrmion problem in a functional analytic framework, where ∇ × m has no effect, and which is consistent with the analytical features of the energy. For smooth fields m of sufficiently fast decay toê 3 , we have
As a consequence, using Young's inequality |a · b| ≤ (ε/2)|a| 2 + (1/2ε)|b| 2 with suitable choices of ε > 0, the size of DM interaction can be bounded in terms of Heisenberg and Zeeman interaction.
With ε = 1/ √ h and ε = |κ|/h, we obtain (c) Geometric interpretation Using (2.3), integration by parts yields the identities
By virtue of the co-area formula, the first identity in (2.7) can be rewritten by integrating over the level-sets of m 3
where τ is the oriented unit tangent field to ∂{m 3 > t}, well-defined for almost every −1 < t < 1. Therefore, the effect of chiral interaction is maximal if m is tangent to the level sets of m 3 with an orientation depending on the sign of κ = 0. In particular, if m is a rotationally symmetric field such that m 3 (x) = cos θ (r) is decreasing in r = |x|, then the optimal horizontal field m = (m 1 , m 2 ) is (figure 2)
This reflects the observation from [4, 6] based on direct minimization of DM interaction. Observe that Q(m) = −1, independently of the sign of κ. For the asymptotic state m =ê 3 near |x| = ∞, degree q = −1 is energetically preferred even without any symmetry assumption, see §3a.
(d) The configuration space M
The space of admissible magnetization fields will be based on the Hilbert space H 1 (R 2 ; R 3 ), the Sobolev space of measurable vector fields f : R 2 → R 3 with measurable gradient ∇f such that
Recall that H 1 (R 2 ; R 3 ) is the completion of C ∞ 0 (R 2 ; R 3 ), the space of smooth fields with compact support, i.e. {f (x) = 0} is a bounded subset of R 2 , with respect to the H 1 norm defined above. Requiring m −ê 3 ∈ H 1 (R 2 ; R 3 ) is a condition that all energy contributions are finite. Therefore, we shall focus on M = {m :
i.e. the space of all generalized unit vector fields of finite energy. Note that M is a not a linear space but a complete metric space with respect to the
By the well-known approximation result by Schoen & Uhlenbeck [44] , see also [32, 45] , the space M can be obtained by completion of the dense subspace of smooth unit vector fields with finite tails
In order to extend the energy to the configuration space M, we let
with density
so that all energy contributions converge absolutely. Since ∇m = ∇(m −ê 3 ), the energy E = E(m) can be regarded as a functional of m −ê 3 . Moreover, since the curl operator is formally selfadjoint, the energy is built upon a symmetric bilinear form. It follows from (2.4) and (2.5) that E = E(m) represents the unique d-continuous extension to M of the energy with DM interaction in its original form defined for fields m in the dense subspace M 0 .
(e) The topological charge
Homotopy is a primarily a concept for continuous maps. It is well known, however, that the homotopy class of a map m in the configuration space M (which may be discontinuous) is well defined [44] and can be expressed through the topological charge or skyrmion number
where the topological charge density is given by
In fact, for m ∈ M 0 , the topological charge density ω(m) = m * ω S 2 is the pull-back of the standard volume form ω 
By standard results from variational calculus, weak lower semi-continuity follows from the convexity properties of E = E(m) discussed in §2d. Approaching a minimization problem the direct way, i.e. by considering a minimizing sequence of configurations m k ∈ M such that Q(m k ) = −1 and E(m k ) → min, the point is to ensure the attainment of the topological constraint Q(m) = −1 in the weak limit m.
Topological bounds for least energies
The proof of our main result will be based on energy considerations in the spirit of Lions' concentration-compactness principle [26, 33] . For this purpose, we shall embed the variational problem into a family of variational problems subject to an arbitrary topological charge q ∈ Z. Least energies in corresponding topological sectors are denoted by
(a) Strict subadditivity of least energies
We shall prove upper and lower bounds for I q that are suitable to deduce the attainment of I −1 if h > κ 2 . It will be sufficient to show that I −1 < 4π (see lemma 3.1) and I q ≥ 4π for all positive q ∈ N if h ≥ κ 2 (see lemma 3.2). As E(m) ≥ 0 for all m ∈ M if h ≥ κ 2 , the results can be recast into the following set of strict inequalities, the chief result of this section:
and
The purpose of (3.1) and (3.2) is to overcome the difficulties caused by the invariance of the plane R 2 by the non-compact group of translations and dilations, respectively. Roughly speaking, (3.1) rules out the splitting into two well-separated field configurations of topological charge q and −(1 + q). In the language of concentration-compactness, this corresponds to the case of dichotomy (see §4c,e). It is the analogue of Esteban's energy subadditivity inequality for the nuclear Skyrme model in [23, 24] . On the other hand, (3.2) rules out that part of the topological charge is gained or lost by concentration effects, see §4b. In fact, 4π |1 + q| is the least energy of field configurations which carry topological charge −(1 + q) and which concentrate at infinitesimally small scales, where Zeeman and DM interaction are negligible. This energy bound is a well-known property of the classical sigma model for a Heisenberg ferromagnet (e.g. [18, 41] ). In the language of concentration-compactness, this corresponds to the so-called problem at infinity, see [33] (Section 4.5). Inequality (3.2) has no counterpart in the nuclear Skyrme model, where finite energy concentration of the topological charge are ruled out by the presence of the Skyrme term [23, 24, 30] .
(b) Classical topological lower bound
Integrating the identity
one obtains a family of energy lower bounds Using Φ as core profile of a trial fields, we shall show in the lemma below, that DM interaction decreases the least energy I −1 below the classical lower bound 4π of a Heisenberg ferromagnet. As the Zeeman interaction of Φ diverges logarithmically at infinity, a truncation will be necessary. For our purpose, a construction with finite tail will be sufficient. Proof. We assume without loss of generality κ > 0. A straight forward calculation using (2.3) shows that the exchange and chiral density of Φ produce the same term
Letting m(x) = Φ λ (x) := Φ(λx) for |x| < 1 and λ ≥ 1, we obtain 
as λ → ∞. In these coordinates, the chiral term reads (e.g. [5] )
Hence the contribution of DM interaction on {1 ≤ |x| < 2} is given by
Recalling (3.4) and (3.5), we now obtain
as λ → ∞, and the energy bound follows with λ sufficiently large. Finally, in order to verify Q(m) = −1, we observe that Φ = Φ 1 is homotopic to Φ λ and that θ(t, r) = tθ(r) + (1 − t)θ 0 (λr) with θ(t, 0) = π and θ (t, r) → 0 as r → ∞ uniformly in t ∈ [0, 1] defines an admissible homotopy between Φ λ and m.
(d) Topological lower bounds
We aim for a version of the classical topological lower bound (3.3) in the presence of DM and Zeeman interaction. Owing to chiral symmetry breaking, the result cannot be expected to be valid in the whole range of topological charges. Lower bounds for positive charges will be sufficient for our purpose though. Using the notion of helical derivatives D α m = ∂ α m − κê α × m introduced in §2a and adapting an idea from [40] , the argument is in the same spirit as the classical one in §3b.
Proof. By approximation, we may assume m ∈ M 0 . Taking into account ∂ 3 m = 0 and hence
3 )/2 it follows from (2.1) that
Introducing
A straight forward calculation shows 
where we have used that 0 ≤ 1 − m 3 = 1/2|m −ê 3 | 2 ≤ 2. The curl term is negligible upon integration, and adding a Zeeman term with h ≥ κ 2 , the claim follows.
A topological lower bound which is less sharp but valid in the whole range of topological charges can be obtained for larger fields. In fact, it follows from (2.6) and (3.3) that
which implies that I −1 < I q for all q / ∈ {0, −1}, in other words, q = −1 characterizes the non-trivial homotopy class with the lowest possible energy, the second claim in theorem 1.1.
Attainment of I −1
Equipped with the energy bounds obtained in the last sections, we are now in the position to prove theorem 1.1 by means of the concentration-compactness method. We assume h > κ 2 . In order to construct an energy minimizer, we consider a minimizing sequence of configurations According to lemma 2.1, we may pass to a subsequence m k , which converges weakly to a field m * ∈ M with E(m * ) ≤ I −1 . We need to show that Q(m * ) = −1, which implies that m * is indeed a minimizer E(m * ) = I −1 . Modifying the sequence m k by translations if necessary, we shall systematically rule out all possible scenarios of non-attainment, mainly by using (3.1) and (3.2).
(a) The tightness condition
In order to control the spatial confinement of the energy and topological charge density, we consider a sequence (ρ k ) k∈N of auxiliary (non-negative) densities
We have
Here and in the following c > 0 denotes a constant that is independent of k. Let us assume for the time being that the sequence (ρ k ) k∈N is uniformly tight, i.e. for every ε > 0 there exists a radius R > 0 such that
Uniform tightness is a condition that the minimizing sequence of configurations is essentially confined in a bounded domain, in particular, it rules out the escape of topological charge to infinity. Owing to translation invariance, (4.3) can generally only hold modulo translations. By virtue of a concentration-compactness argument, we will show below that this assumption is indeed admissible. 
Proof. We use the notation F(m) := E(m) ± 4π Q(m) and f (m) := e(m) ± ω(m) for corresponding densities. For a given ε > 0, we select R > 0 according to (4.3) . Increasing R if necessary, we may assume
First we claim local weak lower semi-continuity of F, i.e.
In fact, by Rellich's lemma, valid on the bounded domain {|x| < R}, the functional
is continuous with respect to weak convergence in M. Weak lower semi-continuity of [32] (Proof of Theorem 1) is classical (see [50] (Lemma 1)) and can be deduced from general results on non-negative variational integrands with convex gradient dependence. This shows (4.5). From (4.2) and (4.3), it follows that for all
By (4.4)-(4.6), we conclude that
and as ε > 0 is arbitrary, the claim follows.
(c) Concentration-compactness alternative
Now we show that the tightness condition (4.3) is consistent with (4.1) and can be assumed. All possible scenarios are exhausted by the first concentration-compactness lemma in [26] (Section I.3), according to which one of the following three cases must occur for a subsequence of
(i) Compactness: There exists a sequence (x k ) k∈N ⊂ R 2 such that, for every ε > 0, there is a radius R > 0 with the property that 
(iii) Dichotomy: There exists 0 < t < 1 such that for every ε > 0 there exist non-negative densities ρ (1) k and ρ (2) k , which separate in the sense that dist(supp ρ
Modulo translations, the densities ρ (1) k and ρ (2) k are obtained by restricting ρ k to {|x| < R} and {|x| ≥ R k }, respectively, for suitable R > 0 and R k → ∞ as k → ∞. The mass of ρ k in the intermediate region {R ≤ |x| < R k } is uniformly small. By (4.2), the same is true for the energy of m k . In the view of the Sobolev-type inequality Hence it remains to rule out cases (ii) and (iii).
(d) Ruling out vanishing
Case (ii) is settled at the other extreme where effectively no mass of (ρ k ) k∈N can be captured on finite domains. Since, according to (4.1) and lemma 3.1, lim k→∞ E(m k ) < 4π , case (ii) contradicts the following lemma, based on improved bounds for DM interaction and a covering argument in the spirit of [23, 30] .
Proof. We claim that the chiral interaction vanishes under the assumption of (ii). The key is an estimate by a higher order norm. Invoking the second identity in (2.3), we obtain with CauchySchwarz (e) Ruling out dichotomy
Case (iii) gives rise to an approximate decomposition of m k into well-separated subconfigurations m (1) k and m (2) k in M as discussed in §3a and §3c. For k ∈ N sufficiently large and ε > 0 sufficiently small, the decomposition conserves the total charge Q(m In the context of the classical Skyrme model in two space dimensions the analogue decomposition has been carried out in [30] (Section 6) and [31] (Lemma 3.1). Since the arguments can be adapted (using in particular (4.2) and (4.7)) and even simplify in the present situation, we omit the details of this crucial technical step. The remaining steps follow a standard procedure. From (4.8), we infer Q(m (1) k ) = q k and Q(m (2) k ) = −(1 + q k ) for a sequence of integers q k ∈ Z. By virtue of (4.9) Since f ∈ L 2 loc (R 2 ; R 3 ), the theory in [51] (ch. 4) applies and shows that m * is Hölder continuous and hence, by the usual bootstrap argument, smooth on R 2 . Alternatively, one may prove Hölder regularity directly by exploiting local minimality and using Morrey's technique [52] .
